The PHENIX Collaboration has reported third-order harmonic oscillations of the source radius parameters when measuring the Hanbury Brown-Twiss correlation function for charged hadrons relative to the triangular flow angle. We explore possible origins of such third-order oscillations with a simple Gaussian source featuring both a triangular geometric deformation and triangular flow. Third-order oscillations of the HBT radii can arise from a purely geometric triangular deformation superimposed on an azimuthally symmetric radial flow, or from a radially symmetry spatial distribution which expands anisotropically with a triangular component in the flow velocity profile. In both cases the final particle momentum distribution features triangular flow. We show that the two alternatives can be distinguished experimentally through the phase of the azimuthal oscillations of the HBT radii relative to the triangular flow plane.
I. INTRODUCTION
Hanbury-Brown-Twiss (HBT) interferometry [1] (also known as femtoscopy [2] [3] [4] ) has become an indispensable tool in the description and understanding of heavy-ion collisions. The observed particle output from heavy-ion collisions consists primarily of hadrons, whose momentum spectra and correlations contain information about the size and shape of the emission region when the particles last interacted with each other. This last scattering is commonly referred to as (kinetic) freeze-out, and the space-time locations of the last scatterings define a (generically fuzzy) "surface of last scattering" or "freezeout surface". Combined analyses of the observed particle momentum spectra and correlations yield not only geometric but also dynamical information about the fireball at freeze-out [1] . Because HBT interferometry yields both dynamical and geometric information, it provides a crucial window into the structure and evolution of the collision and its aftermath.
Azimuthally sensitive HBT (asHBT) analyses, where one studies the variation of the HBT correlator as a function of the emission direction perpendicular to the beam axis [5] [6] [7] [8] [9] [10] , are especially useful for probing anisotropies in the structure of the freeze-out surface. It was shown in [7, 8] that first and second order harmonic oscillations of the HBT radii are dominated by geometric deformations of the emitting source relative to the beam direction and reaction plane. Traditionally, one performs the asHBT analysis as a function of the pair emission angle Φ relative to the elliptic flow angle (or second-order event plane angle [11, 12] ) Ψ 2 . Dynamical models for the evolution of the fireball created in the collision allow to relate these observed geometric deformations in the final state to the initial conditions of the fireball. For such a program of constraining from final state spectra and femtoscopic correlations the initial state of the fireball and its subsequent evolution, a proper understanding of the asHBT formalism is of paramount importance.
Recently the PHENIX collaboration [13] performed the first experimental analysis of the azimuthal dependence of the HBT radii relative to the triangular flow plane Ψ 3 .
(For an earlier theoretical study see [14] .) Triangular flow is dominated by event-by-event fluctuations in the initial transverse density profile [15] and largely independent of the collision centrality [16] [17] [18] . In contrast to elliptic flow, which is strongly correlated with the direction of the impact parameter [19, 20] , the direction Ψ 3 of triangular flow (the "triangular flow plane") is randomly distributed relative to the reaction plane [16, 19, 20] . In two-pion correlations from central (0−10% centrality) Au+Au collisions at √ s NN = 200 GeV, PHENIX [13] saw clear thirdorder harmonic oscillations of the HBT radii relative to the triangular flow plane. The origin of these oscillations has not yet been understood. In this paper, we perform a model study to qualitatively explore several possible explanations of the observations in [13] . We show how the data distinguish between these alternatives, thereby favoring one specific scenario. A more quantitative analysis, based on a realistic hydrodynamic model for the expanding fireball created in these Au+Au collsions, will be published separately.
The outline of this paper is as follows. In the next section, we generalize the theoretical formalism of asHBT to higher order harmonic oscillations. In Section III we illustrate the general formalism for a simple Gaussian toy model and use it to obtain several qualitative results that appear to be robust and should survive a later analysis of realistic hydrodynamic sources. Our results and conclusions about the meaning of the experimental data are summarized in Sec. IV.
II. AZIMUTHALLY SENSITIVE FEMTOSCOPY

A. Basics
We study the two-particle correlation function
Its dependence on the momenta p 1 , p 2 of the two measured particles can be expressed through the pair momentum K = (p 1 +p 2 )/2 and their relative momentum q = p 1 −p 2 , C(q, K). Assuming a "chaotic source" that emits the two particles independently (i.e. without dynamical correlations) and ignoring final state interactions between the two particles after their last scattering with the source medium, the two-particle phase-space distribution for the emitted particles factorizes, and for a pair of identical bosons this correlation function can be written as [1, 2, 21 ]
Here the emission function S(x, K) is the one-particle Wigner density (i.e. the quantum mechanical phase space distribution) of the emitted particles, whose space-time integral gives the single-particle momentum distribution:
The last step in Eq. (2) uses the "smoothness approximation" S(x, K±q/2) ≈ S(x, K) in the q-range where the correlation function deviates from 1 (which can be justified [22] for sufficiently large sources). q and K are four-vectors, with energy components q 0 = E 1 −E 2 = β · q (where β = K/K 0 ) and K 0 = (E 1 +E 2 )/2 (which for massive particles with Compton wave length smaller than the source size can be taken as approximately on-shell,
, such that β becomes the velocity of the pair).
For Gaussian sources whose spatial emission region, for each value K of the pair momentum, can be completely characterized by its spatial variances, the correlator C(q, K) has a Gaussian q-dependence [21] :
Here
where o, s, l denote the outward (pointing along the pair momentum K ⊥ in the transverse plane), sideward (pointing perpendicular to K ⊥ in the transverse plane), and longitudinal direction along the beam. . . . stands for the average over the emission function:
The parameters R 2 ij (K) are called "HBT radii" and represent the widths of the effective emission region ("homogeneity region" [23] ) for particles with momentum K.x
is the center of that homogeneity region (for a smooth source, this is close to the point of highest emissivity for particles with momentum K), and
(5) denotes the distance from that point. Note that the off-diagonal components R 2 ij (i =j) need not be positive. In this paper, we focus on the K dependence of just two of these radius parameters, R 2 s (K) and R 2 o (K).
B. Femtoscopy of fluctuating sources
Extracting all source information contained in C(q, K) requires to fully explore its 6-dimensional momentum dependence. Due to the limited number of final state particles, this is not possible for a single heavy-ion collision. Experimental HBT analyses are therefore based on a statistical average over large numbers (typically millions) of collision events. We now know that, even for tightly defined collision centrality, the initial density profile of the collision fireball, and therefore its final-state emission function S(x, K), fluctuates from collision to collision. Its regions of homogeneity and thus its HBT radii are therefore stochastically fluctuating quantities. In the past, theoretical analyses of HBT data have implicitly assumed that the entire ensemble of collision events underlying the measurement can be characterized by a single "average emission function"
where . . . ev stands for the average over an ensemble of collision events. More correctly, however, the measured correlator is obtained from ensemble-averaged true and mixed-event pair distributions:
The numerator consists of pairs with both particles taken from the same event, the pairs in the denominator mix particles from different events. The denominator factorizes into a product of ensemble-averaged single particle spectra,
corresponding to the theoretical expression
So the correlator C(q, K) ev measured in the event ensemble does not agree with the correlatorC(q, K) corresponding to the ensemble-averaged emission function.
Writing the emission function S(x, K) of a given single event as the ensemble-averagedS plus a fluctuation δS,
the numerator in the first line of Eq. (10) separates into
We denote the second term by I(q, K); it gives the contribution to the measured two-particle correlation function arising from event-by-event fluctuations of the emission function. Its q → 0 limit
is the normalized variance of the single particle spectrum at momentum K ≡ (K ⊥ , Φ, Y ). This term is positive, causing C(q, K) ev to approach an intercept slightly larger than 2 as q goes to zero.
1 For large q the numerator of the last term in Eq. (13) oscillates to zero. A more detailed investigation of the effect of I(q, K) on the HBT radii and the q = 0 intercept of the correlator are left for a separate study. We here focus on the properties of the ensemble-averaged emission functionS(x, K) and its correlatorC(q, K), dropping the bars overS andC for simplicity.
C. n th -order flow angles
We are interested in the dependence of the correlator C(q, K) and its associated HBT radii on the azimuthal angle Φ in which the particle pair is emitted. Due to the random orientation of the collision fireball in the transverse plane, only the relative angle between Φ and some direction associated with the event orientation has physical meaning. Experimentally, the orientation of each event can be characterized by its harmonic flow angles Ψ n . They are defined through the expectation value of e inΦ with the single-particle spectrum
. (15) v n is the associated n th -order harmonic flow coefficient. Ψ 2 and Ψ 3 define the elliptic and triangular flow planes, respectively, for each event. In this work we study the azimuthal dependence of the HBT radii as a function of Φ−Ψ n , in particular for n = 2 and 3.
D. Fourier expansion of the emission function and HBT radii
To simplify notation, we introduce the normalized emission functioñ
We use polar Milne coordinates, x µ = (τ, r, φ, η) and
We perform a double Fourier expansion in both the spatial angle φ associated with r and the momentum angle Φ associated with K ⊥ :
Note that the first (second) index labels the spatial (momentum) Fourier component. Since S(x, K) is real, the Fourier coefficients satisfy
The Fourier expansion in Φ−Ψ n permits decomposition of the HBT radii into oscillations of different harmonic order:
where the coefficients R 2(c,s) ij,k are functions of K ⊥ and Y . To derive mathematical expressions for the oscillation amplitudes R 2(c,s) ij,k
be written explicitly as follows:
We writeS
where
we find
and
We now write
remembering that l is the spatial Fourier index and m labels the harmonic in the emission angle Φ. We note that
which leads to the decomposition
Equation (29) immediately yields the contributions to the oscillation amplitudes R 2(c,s) ij,k in Eq. (19) that arise from the expressions listed in (26) . The contributions from the terms involving products of the mean coordinates listed in Eq. (25) require a little more effort. We define
where the prime on z ′ indicates that it depends on primed spatial coordinates (r ′ , τ ′ , η ′ ). These quantities satisfy (ξ
After some algebra we find 
with (see Eq. (19))
Already here a first important conclusion can be drawn. Remember that in Eq. (23) the subscript l on Z l is the spatial Fourier index on the involved Fourier components S l,m−l . Eqs. (20, 25) show that the HBT radii can be written entirely in terms of harmonic source coefficients with spatial Fourier indices l ∈ (0, 1, 2); conspicuously absent are any spatial harmonics with l ≥ 3. This is ultimately a consequence of the definition of the HBT radii in terms of linear and quadratic space-time moments of the source. They can directly probe geometric fireball deformations only up to second harmonic order. The oscillations in R 2 s and R 2 o are therefore insensitive to spatial harmonics of order l ≥ 3 in the source function. In particular, for a stationary (non-expanding) fireball, any spatial deformations of higher than second harmonic order (e.g. any triangular geometric deformation of the source) do not contribute to the oscillation amplitudes R 2(c,s) ij,k [14] . Only if the spatial deformation couples to a collective flow pattern (which can be radially symmetric), thereby producing a momentum anisotropy of harmonic order m ≥ 3, will we see azimuthal oscillations of the HBT radii with higher than second harmonic frequency.
This implies that the measurement of a triangular oscillation of the HBT radii cannot be automatically identified with the spatial triangularity at freeze-out. This is different from elliptic HBT oscillations: there it was shown that, for particles pairs with small pair momentum K ⊥ → 0, geometric deformation effects dominate over anisotropic flow effects [7, 8] , and the following relation between the oscillation amplitude of the square of the sideward radius R 2 s and final source ellipticity holds: [10, 12] . Eqs. (20, 25) imply that a similar relation cannot hold for the triangular freeze-out eccentricity.
We also see from the equations above that the oscillation amplitudes R 2(c,s) ij,k receive contributions from all harmonic orders m in the momentum angle Φ − Ψ n . Therefore there is no restriction on which flow harmonics (i.e. which types of anisotropies in the collective flow pattern of the source) can contribute to oscillations of the HBT radii.
Summarizing these observations we conclude that a triangular oscillation in the R 2 ij may originate from at least three possible sources: (1) a non-zero triangular flow anisotropy in a spatially isotropic source; (2) a nonzero triangular eccentricity coupling to azimuthally symmetric radial flow; or (3) a combination of the two. In addition, higher-order flow harmonics can couple nonlinearly to other spatial deformation components to produce third-order oscillations in Φ. In the next section we explore possibilities (1)-(3) with a toy model.
III. TRIANGULAR OSCILLATIONS FROM A TOY MODEL
Motivated by the PHENIX data in [13] , we study in this section azimuthal oscillations of the sideward and outward HBT radii, R 2 s and R 2 o , relative to the triangular flow angle Ψ 3 . As already mentioned, we will focus on the correlatorC(q, K) associated with the ensembleaveraged emission functionS(x, K). Since triangular flow is driven by event-by-event fluctuations [19, 20] , to get a nonzero triangular spatial deformation ofS(x, K) we must orient all events such that their triangular flow planes align before taking the average. As a result of this rotation, the ellipticities of the individual events will end up randomly oriented (since the elliptic and triangular event planes are uncorrelated [15, 16, 19, 20, 26, 27] ), and the ensemble-averaged source is expected to exhibit no net elliptic deformation, at any impact parameter. We will therefore modelS(x, K) to feature triangular deformations in both space and hydrodynamic flow velocity, but no other anisotropies. Motivated by hydrodynamics, we will assume that any triangular hydrodynamic flow points in the direction of steepest descent of the density profile, i.e. the third-order participant plane angle Φ 3 (pointing in the direction of one of the tips of the triangular spatial density distribution) and the hydrodynamic flow angleψ 3 (pointing in the direction of largest hydrodynamic flow) are out of phase by π/3 [19, 20] . This allows for some relaxation of any initial triangular spatial source deformation before kinetic freeze-out, in response to triangular hydrodynamic flow, but not to the extent that the source "overshoots" the spatially azimuthally symmetric state and freezes out with a triangularly deformed final density distribution whose tips point into the direction of the triangular flow.
A. The model emission function
In this spirit, we generalize the well-studied hydrodynamically expanding Gaussian source model used in Refs. [6, 9, 10, 21, 25]) as follows:
where S 0 (K) normalizesS(x, K) to d 4 xS(x, K) = 1. The first two lines specify a freeze-out density distribution that is Gaussian in longitudinal proper time and space-time rapidity and an azimuthally modulated Gaussian in the transverse coordinate r. The third line specifies the momentum structure of the source in terms of a flow-boosted Boltzmann factor exp[−p·u(x)/T 0 ] where the flow four-velocity u µ (x) is parametrized in terms of a (τ, η)-independent transverse flow rapidity profile:
This source depends on the following parameters: τ f is the mean emission (or freeze-out)time for the observed particles, ∆τ the emission duration. We assume ∆τ ≪ τ f such that time integrals ∞ 0 dτ . . . can be replaced by ∞ −∞ dτ . . . without large error. In the calculations below we use τ f = 10 fm/c and ∆τ = 1 fm/c. η 0 is the mean space-time rapidity of the emitted particles; for Au+Au collisions measured in the CM frame, η 0 = 0 is the appropriate choice. ∆η describes the width of the freezeout space-time rapidity distribution; we assume approximately boost-invariant longitudinal flow such that, on average, η equals the final momentum rapidity of the measured particles. For pions from 200 A GeV Au+Au collisions, the width of the measured rapidity distribution has been determined as σ π ≈ 2.3 [28] , so we take ∆η = 2.3. We compute 2-pion correlations at midrapidity, so we set m = m π = 139 MeV and Y = 0.
R is the mean two-dimensional Gaussian source radius at freeze-out; for central Au+Au collisions, we take R = 4.5 fm. The kinetic freeze-out temperature is set to T 0 = 120 MeV.ǭ 3 parametrizes the triangular spatial source deformation which will be varied. The transverse flow rapidity η t is taken to grow linearly with r, with average strength η f = 0.6 at r = R, and modulated azimuthally by a triangular flow whose strength, parametrized byv 3 , will be varied. The transverse flow rapidity is largest in direction φ =ψ 3 which we call the hydrodynamic triangular flow direction. The second line in Eq. (36) shows that the effective source radius is smallest in directionψ 3 , soψ 3 also denotes the direction of steepest descent of the spatial density profile.
It is important to conceptually differentiate between ψ 3 , the direction of the hydrodynamic triangular flow in the source, and Ψ 3 , the direction of the triangular flow angle extracted via Eq. (15) from the final particle momentum spectrum. To illustrate the issue, consider a source with non-zero radial flow η f modulated by a small anisotropyv 3 that we hold fixed, and a variable spatial eccentricityǭ 3 . Forǭ 3 = 0 (i.e. an azimuthally symmetric spatial density distribution), the non-zerov 3 obviously induces triangular flow in directionψ 3 , hence Ψ 3 (ǭ 3 =0) =ψ 3 . As we increaseǭ 3 , the effective spatial source radius is reduced in directionψ 3 and increased along the directionsψ 3 ± This flip of Ψ 3 by π/3 as a function of geometric source triangularity is illustrated in Fig. 1 . As we will see, it is the root source of our ability to distinguish experimentally between triangular HBT oscillations driven by triangular geometric deformations vs. those driven by (15)), and the sign of cos 3(Φ−ψ3) distinguishes between flow angles Φ3 =ψ3 and Φ3 =ψ3 ± . triangular anisotropies in the hydrodynamic flow.
B. HBT oscillations from the toy model
The toy model study presented in this paper was motivated by recent experimental data from the PHENIX Collaboration, shown by T. Niida at the Quark Matter 2012 conference [13] and reproduced in Fig. 2 . The data show clear triangular oscillations as a function of the pair 
only a deformed flow profile are out of phase by π/3. Only for the flow-anisotropy-dominated case (thick red lines) do the HBT radii oscillate in phase with the experimental observations. Fig. 4 illustrates that, in a coordinate system whose x axis points along the triangular flow vector such that Ψ 3 = 0, the sources for these two scenarios appear rotated by 60
• relative to each other. The left sketch shows the 50% contour of the emission function for pions with K ⊥ = 0 for the source withǭ 3 = 0.25,v 3 = 0 while the source corresponding to the right sketch hasǭ = 0 and v 3 = 0.25. Of course, in general the source will exhibit flow and geometric anisotropies concurrently. Figure 5 shows the triangular oscillations of R Fig. 1 shows, just afterǭ 3 reaches the value 0.26, the flow angle Ψ 3 flips from 0 to π/3. This is reflected in Fig. 5 by a sudden 60
• phase shift relative to Ψ 3 of both R o has a minimum for emission along the triangular flow plane, as observed in experiment; only for spatial deformation ǫ 3 > 0.26 the outward radius becomes maximal for emission in Ψ 3 direction. The observed phase of the sideward and outward HBT thus tells us only that the measured HBT oscillations correspond to a source in which triangular flow anisotropies dominate over geometric triangular deformation effects that are boosted by superimposed radial flow. Thus, while a direct measurement ofǭ 3 is not possible, the observed oscillation phase can perhaps be used to put limits on the ratioǭ 3 /v 3 in theoretical models. It is, however, likely that such limits depend on the details of the model emission function. To explore this last question a bit further, we return to the completely "geometry dominated" (ǭ = 0.25,v 3 = 0) and completely "flow anisotropy dominated" (ǭ = 0,v 3 = 0.25) sources studied in Figs. 3 and  4 . In Fig. 6 we show for these extreme models the K ⊥ -dependence of their third-order oscillation amplitudes R cillation amplitudes in Figs. 6a and 6b reflect the phase shift of the oscillations by π/3 between the two types of sources. For the flow-dominated source in Fig. 6b , the sign of R 2 s,3 flips near K ⊥ ≃ 0.6 GeV, causing the squares of the sideward and outward radii to oscillate in phase at large K ⊥ . This contradicts the out-of-phase oscillation pattern seen in the data (Fig. 2) which are integrated over K ⊥ and thus, due to the exponentially falling singleparticle spectra, dominated by K ⊥ < ∼ 0.5 GeV. On the other hand, the zero of R 2 s,3 in Fig. 6b near K ⊥ ≈ 0.6 GeV provides an intriguing possible explanation for the experimentally observed much smaller oscillation amplitude in sideward than in outward direction: R 2 s,3 passes through zero close to the most likely K ⊥ value in the measured pion sample. Obviously, it is unsafe to assume that the experimentally measured source is characterized by zero triangularityǭ 3 as assumed in Fig. 6b . However, this figure strongly suggests that a careful experimental study of the K ⊥ -dependence of the HBT oscillation amplitudes can provide significant quantitative constraints on the relative importance of spatial triangularity and triangular flow anisotropy in heavy-ion collision fireballs at freeze-out. We close this section by illustrating the characteristics of our toy model source, as seen by the HBT femtoscope, for a range of spatial triangularitiesǭ 3 and triangular flow anisotropiesv 3 , by plotting the 50% contours of the effective emission regions ("regions of homogeneity") as functions of emission angle Φ−Ψ 3 . We always orient the sources such that Ψ 3 = 0, and focus on pion pairs with K ⊥ = 0.5 GeV. In Fig. 7 we study sources with fixed spatial triangularityǭ 3 = 0.25 and variable triangular flow anisotropy 0 ≤v 3 ≤ 0.25. In Fig. 8 the roles ofǭ 3 andv 3 are reversed:v 3 is fixed at 0.25, andǭ 3 is varied between 0 and 0.25. In Fig. 9 , finally, we setǭ 3 =v 3 and vary both parameters together from 0 to 0.25. The emission angle Φ is increased in steps of π/6 = 30
C. Emission contours as functions of emission angle
• .
By following the emission contours around the circle, focussing on the Φ-dependence of their diameters in radial and tangential directions, one can qualitatively see the oscillations of the HBT radii in outward and sideward directions. Obviously, the flow-dominated sources with v 3 >ǭ 3 generate the most complicated shapes for the homogeneity regions. For the sources withv 3 =ǭ 3 in Fig. 9 , the homogeneity regions are nearly elliptical for almost all parameter values and emission angles.
IV. CONCLUSIONS
Using a simple triangularly deformed Gaussian toy model for an expanding source with triangular flow anisotropy, we performed an exploratory study of the possible origins of the third-order harmonic oscillations of the HBT radius parameters as functions of the azimuthal emission angle around the beam axis that were recently discovered by the PHENIX collaboration in 200 A GeV Au+Au collisions at RHIC. We developed a general double Fourier expansion technique to study HBT oscillations of any harmonic order and applied the technique to our toy model for the case of triangular (n = 3) oscillations. We also pointed out that, since the oscillations are measured relative to the triangular flow which is generated by fluctuations in the initial colliding nucleon distribution around the smooth average Woods-Saxon density, one should in principle account for event-by-event fluctuations of the emitting source, and that the HBT radii of the ensemble-averaged emission function are not identical with those extracted from experiment by averaging the correlation function over pairs from a large ensemble of events. Exploring this theme further will be left to a future study. Here we focused on harmonic oscillations of the HBT radii from a smooth (but deformed) average source.
We showed that, in contrast to second-order oscillations which, in certain limits, can measure the elliptic geometric deformation of the source, third-order oscillations in general provide no direct information about the triangular geometric shape of the emitting source. A spatial triangular deformation can cause third-order HBT oscillations only by coupling to radial transverse flow, and this complicates their interpretation because the HBT radii depend also on the amount of radial flow.
Perhaps more naturally, third-order HBT oscillations can be driven by triangular hydrodynamic flow. We showed that these two alternatives generate triangular flows of the emitted particles whose directions differ by 60
• , and that this causes a similar 60
• phase shift of the HBT radii oscillations when measured as functions of the emission angle relative to the triangular flow direction. The phase of the oscillations seen in the PHENIX experiment was shown to be consistent with a source whose flow anisotropyv 3 dominates over its spatial triangularityǭ 3 in its effect on azimuthal HBT variations. Furthermore, we showed that in such a "flow anisotropy dominated" scenario the oscillation amplitude for the square of the sideward HBT radius R (A2) (A4) 
